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D rotations are used everywhere in computer

graphics, computer vision, geometric model-

ing and processing, and other related areas.
However, manipulating them is always confus-
ing, and debugging code that involves 3D rotation
is usually time-consuming. Many different, and
seemingly unrelated, ways exist to describe 3D ro-
tations—such as orthogonal matrices, turnaround
vectors, exponential maps, and quaternions.

Here, I use elementary concepts from algebra,
analytic geometry, and calculus to reveal how these
and other, less well-known representations are
related. (For a definition of some of the concepts I
cover here, see the related sidebar.) My main goal
is to produce simple, elegant, and efficient code,
while paying close attention to the computational
cost and, in particular, trying to avoid computing
transcendental functions and square roots.

The Rotation Matrix

Let’s start with the algebraic representation. We
can represent a 3D rotation as an orthogonal 3 x 3
matrix Q. That is, Q has a transpose equal to its
inverse QQ! = I, where I is the identity matrix, and
has the unit determinant |Q| = 1.

We obtain the result of applying a rotation to a
3D vector v by multiplying the matrix by the vec-
tor Qv, which requires nine multiplications and six
additions. The set of all such matrices forms an al-
gebraic group with respect to matrix multiplication
called the special orthogonal group, denoted as SO(3).

Rotation around a Vector
The geometric representation is a more intuitive
way of describing a 3D rotation as a turn of angle
0 around a unit-length 3D vector u, with the
rotation’s positive direction specified by the right-
hand rule. We denote this rotation as Q(6, u).
Because the geometric representation has a more
intuitive meaning, it’s used for modifying 3D rota-
tions—for example, changing the viewpoint in a 3D
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viewer or modeling system. However, for applying
the same rotation to multiple vectors, the algebraic
representation is easier and usually less computa-
tionally expensive.

We must first determine the relation between
the algebraic representation and this one. Can we
go back and forth between the two? More specifi-
cally, can we describe every rotation matrix Q as a
rotation of a certain angle around a unit vector? If
so, how do we determine the vector and the angle?
And how do we determine whether the description
is unique? Conversely, given a unit vector and an
angle, what is the 3D rotation’s corresponding al-
gebraic representation?

We start by determining whether the geometric
representation is unique: it isn’t. The rotation of
0 around u is indistinguishable from the rotation
of an angle 6 + 2km around the same vector Q(6 +
2km, u) = Q(6, u); this is true for every integer k. In
particular, the rotation of angle 27 (360 degrees)
around any vector is identical to the identity. In
other words, applying such a rotation is equivalent
to not doing anything.

Also, the rotation of angle —6 around the vector
—u is identical to the rotation of 6 around u. That

is, Q(—0, —u) = Q(6, u).

The Rodrigues Formula

What about computing a 3D rotation’s algebraic
representation from the geometric representation?
The matrix representation of Q(6, u) is given by
the Rodrigues formula:

QM u)=I+sU+ (1 - c)U?
where U is the skew-symmetric (Ut = —U) matrix

U=
0 —u, u

u, 0 —uy
-u, u 0
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corresponding to the vector product by u. That is,
for every vector v, we have

UyV; — UzVy
Uv=UXV=|UsVx —UxV; |.
UxVy — UyVy

I leave it to you to verify by direct computation
that U? = uu! — L.

Now, where does the Rodrigues formula come
from? We can explain it using plain and simple
analytic geometry. Let Q = Q(6, u) be the algebraic
representation of the 3D rotation that we're
looking for, and let v be an arbitrary 3D vector.
We want to find an expression for the 3D vector
Qv as a function of 6, u, and, of course, v. We start
by decomposing v into the sum of two orthogonal
3D vectors

v=(uu)v + (I — uud)v.

The first vector, vo = (uu)v = Ay, is the orthogonal
projection of v onto the line spanned by u. This
is u scaled by the inner product A = ulv of u and
v. The second vector is the difference vi = v — vy,
which is a 3D vector orthogonal to both u and vo.

Since multiplication by a matrix is a linear op-
eration, we have Qv = Qvo + Qvi, and the problem
reduces to finding expressions for Qvo and Qvi as
functions of 6, u, and v. Because the rotation is
around u, and vo and u are colinear, we have
Qvo = vo. For the other term, let v = u x vy =
u x v. Because u is the unit length, and u and v4
are orthogonal vectors, the 3D vectors vi and v,
are also orthogonal to each other and of the same
length. In the plane spanned by vi and v,, we can
write the rotation of # of v; around the vertical
direction u as

Qv1 = cv1 + sva.
Combining these expressions achieves
Qv =Qvo + Qvi = (wu)v + c(I — uu)v + su x v.

Finally, rearranging terms and remembering that
U = uu® — I, we obtain the desired result:

Qv=v+suxv+ (1-c)(uut —I)v
=I+sU+(1- U

So far, we've seen that we can represent a 3D
rotation specified by 6 and u as a rotation matrix
Q = Q(H, u). We also know that mapping (6, u) —
Q(H, u) isn’t one-to-one because rotations around

H ere are five ways to specify a rotation as a turn of angle 6
around a unit-length vector u.

m The Rodrigues formula. Here, we specify 6 by its sine, s = sin(0),
and cosine, ¢ = cos (6), and we specify u explicitly. We can
specify 6 in radians or degrees.

m Exponential maps. We specify 0 by an unconstrained 3D vector,
v = 6u, equal to the product of 6, specified in radians by the
unit-length axis of rotation u.

m Quaternions. We specify 0 by a 3D vector, v = su, of a length less

than 1 and equal to the product of the sine of half the angle of
the rotation, sin(6/2), and the unit-length rotation axis u.

m Cayley’s rational parameterization. We specify 6 by an uncon-
strained 3D vector, v = —pu, equal to the product of the nega-

tive of the tangent of half the angle of the rotation, y = tan(6/2),

and the unit-length axis of rotation u.
m Two unit-length vectors. Here, 0 is the angle formed by the two
unit-length vectors, uo and us; u is the vector product, uo x us,

of the two vectors normalized to the unit length (see Figure 1 in

the main article). The rotation transforms ug to us.

the same vector that differ by 27 produce identical
rotation matrices. But can we describe all rotation
matrices Q € SO(3) as the rotation of a certain
angle around a unit vector? If so, how can we
determine a suitable vector and angle?

The Exponential Map
To answer the previous question, I introduce the ex-
ponential map, which is defined by a power series:

VHeV=I+Zl'V”r (1
n:ln'

where V is the skew-symmetric matrix defined by
v(V = 0U). This is a well-defined formula because
the power series on the right-hand side converges
absolutely to a finite square matrix for every square
matrix V, not only for skew-symmetric matrices. I
leave it to you to verify that ¢ is an orthogonal
matrix when V is skew-symmetric.

The Rodrigues formula turns out to be an
efficient way to evaluate the exponential map. In
fact, we’ll show now that ¢V = Q(6, u) for v = fu
(the value of u is irrelevant if # = 0). It follows
from equation 1 that

[e’s} n
14 ou n
el =e™ =1 —un-

From the identity U? + U = 0, which you can verify
by direct expansion, it follows that U = (—1)kU
for k > 0, and U% = —(—1)*U? for k > 1.
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By splitting the previous series expansion into
even and odd terms, replacing these identities, and
rearranging terms, we obtain

92k+1

Z 2k+l

k=0

00 02]{

U3

k=

(9U:I+

The two power series of the real number 6 in this
expression are nothing but the power series expan-
sions of s = sin(f) and c = cos(0), respectively. This
follows from Euler’s formula ¢/’= cosé + jsiné. (This
formula should be familiar to readers exposed to
signal processing.) We can consider Euler’s for-
mula to define ¢ and s. Here, ¢’ is the exponential
of a complex number, which is defined by the same
power series expansion as the exponential of a real
number or of the square matrix V showed previ-
ously, and V is the square root of —1:

‘9 00 ' 00 92k 00 02k+1
The Logarithm Map

The exponential map of Equation 1 with the entire
euclidean 3D space as the domain is onto (surjec-
tive). That is, we can represent every rotation as
an exponential of a skew-symmetric matrix. How-
ever, this map isn’t one-to-one. [ won'’t prove these
facts here; I leave the task to you. But I'll show you
how to compute the inverse map.

First, we restrict the domain to a smaller open
subset of R, where the exponential map is one-
to-one. To determine such a subset, we note that
the map 6 — eV with fixed u is 27-periodic. For
m < 6 < 27, we have

U = Qr-0)(U),

That is, the rotation of § around u is equal to the ro-
tation of angle 27 — 6 around —u. When we restrict
the domain to the open ball of radius T,

Q={v:|Vl<a}={u:0<0<7x,|u|=1}

the exponential map becomes one-to-one, but we
can't represent rotations of angle 7. The image of
Q. through the exponential map—that is, the set
of rotations of an angle less than 7 around an
arbitrary unit-length vector—is an open neighbor-
hood of the identity in the Lie group of 3D rota-
tions SO(3).

The set of rotations of angle m around an
arbitrary u are those satisfying
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Q+1I =

This is because, in such a case, any vector u;
orthogonal to u satisfies Qui = —us. That is, it's
an eigenvalue of Q corresponding to the eigen-
value —1.

On the set of rotations of an angle less than ,
the exponential map has a well-defined inverse:
the logarithm map. To compute the logarithm of
Q of an angle less than 7, we can follow these
steps:

=(1-trace(Q)-1)/2

V=(Q-Q')/2
s=|vl
u=v/s

0 = anglej ) (s,c).

Where do these steps come from? Since Q is in
the exponential map’s range, we can write it as
Q=Q(, u)=I+sU+ (1 —c)U? Likewise, because
the transpose of Q is equal to the inverse of Q,
wehave Q'=Q — 1=Q(-6,u) =1 —-sU+ (1 —¢)
U?. Subtracting Q! from Q, we obtain the skew-
symmetric matrix V = (Q — Q%)/2 = sU. So, s =
vl must be equal to the norm of v. This number
can be equal to zero but doesn’t have to be.

If s isn't equal to zero, we can obtain u by
normalizing v to u = v/s. But we haven't yet
uniquely determined the rotation’s angle because
there are two angles, 6 and = — 6, between O and
7 for which the sine attains the same value. To
uniquely identify the angle, we must determine
whether 6’s cosine is positive or negative. We can
compute this from Q’s trace:

trace(Q) = trace(I) +s trace(U) + (‘1 — c)trace(U2>
=3+0+(1-c)(-2)
=2c+1.

This is because trace(U?) = trace(uu® — I) = ||u? — 3 =
—2. It follows that ¢ = (1 — trace(Q)—1)/2.

On the other hand, if Q — Q! =0, or equivalently
if s =0, because s> + ¢> =1, we havec=1orc =
—1. The ¢ = 1 case corresponds to 0 = 0, with the
identity matrix Q = I. The case ¢ = —1 corresponds
to a rotation of angle 6 = 7. In this case, the
rotation matrix has this form:

Q=I+sU+ (1 —oU?=1+2(uut —I)=2uu’ — L

By rearranging terms, we obtain



1 uf UxUy  UxUz
E(Q—H):uut: Uslly  Uf Uyl

Ul Uyl,  u?

Because uut = (—u)(—u)?, it is clear now that if u is
a solution to this problem, then so is —u.

Finally, we can obtain the magnitudes of the
components of u by computing the square roots
of this matrix’s diagonal elements, and the signs
from the off-diagonal elements:

w=JQn 172

if Q;; <0 and Qy3 <0 then
U, = —Uy

uy = [Qu T 1)72

if Q12 <0 and Q3 <0 then

Uy =—uy

U, =,/ Q33+1 /2
ifQ1g <0 and Q23 <0 then
U, =-u;.

Quaternions

Since in the Rodrigues formula we have s? + ¢? =
1, let’s consider the following map as a candidate
to replace the exponential map:

Q1 — 5O(3)
su I+sU+(1-c)U?,

where € is the open unit ball in R%, 0 < s < 1,
c=+/1-s%, and [u| = 1. Rather than the rotation’s
angle, we use the angle’s sine as the magnitude for
the parameter vector v = su. This parameterization
lets us avoid computing 6’s sine and cosine. It is
also one-to-one, and we need only one square root
to evaluate it:

01— SO(3)

1- J1-|v[
VHI‘FV-FT"V"VZV (2)
\%

where V = sU is the skew-symmetric matrix
corresponding to v = su.

The only potential problem is that, because c is
nonnegative here, the image of 1 through this
parameterization is the set of rotations of an angle
less than 7/2 and therefore isn’'t an onto map. To
solve this problem, we take the magnitude s = |||
of a vector in ; as sin(6/2) rather than sin(9).
Because

1—cos(6) = 2sin(0/2)" = 25>
sin(0) = 2sin (6 / 2)cos (6 / 2) = 2sc ,

the parameterization

su— I+ 2scU + 2s%U?

covers the same open set of rotations as the
exponential map. We can safely compute c as
J1—s? because, in this case, 0 < sin(6/2) and

Quaternions are particularly popular

in computer graphics because only four
parameters are needed to represent a
rotation, as opposed to nine for matrices.

cos(A/2) < 1. Once again, by combining terms, we
can evaluate this parameterization with a single
square root:

01— SO(3)

v I+ 21— |v|'V +2v2 .

How do we compute this parameterization’s
inverse? I leave this as another exercise for you, but
with two hints. Computing the norm of v from
the trace of Q is easy. If this number is zero, Q is
the identity matrix. Otherwise, you can compute
v normalized to the unit length from the skew-
symmetric part (Q — Q%/2 of Q.

It is interesting to observe that this is the param-
eterization of the special orthogonal group SO(3)
associated with the quaternions. Quaternions are
particularly popular in computer graphics because
only four parameters are needed to represent a ro-
tation, as opposed to nine for matrices. Also, the
rotations’ composition corresponds to the product
of quaternions, although the exponential map
uses only three unconstrained parameters.

A quaternion is a pair (a, b), where a € R is a
scalar and b € R® is a vector. The formula product
of two quaternions (a1, b1) and (az, b,) is

(a1,b1)- (azb2) = (maz —bibz, a1bz + azb1 + by ><b2) .
If Q = Q(f, u) is the rotation of angle 0 < 6 <

m around u, and v is an arbitrary 3D vector, the
following identity is satisfied:

IEEE Computer Graphics and Applications

87



Graphics Math & Code

= [roranons

FILE SIZE SHOW HELP

AXIS OF ROTATION

[ Juo ____Joor ]

EXPONENTIAL

QUATERNION

CAYLEY

iz oo Joo ]

TWO VECTORS

0.0

0.86802545

088602545

Figure 1. A screenshot of the software program I've written to go along
with this article. To access the software, go to http://mesh.brown.edu/

rotations.
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(0, Qv) = (c, su) - (0, v) - (c, —su),

where ¢ = cos(6/2) and s = sin(6/2). You can verify
this identity by direct computation.

Cayley’s Rational Parameterization

To avoid computing square roots, we can use the
following less-known parameterization of the set
of rotations of an angle less than =, due to Cayley:

R} — SO(3)
W (I+ W) (1-W)=(I-W)I+W) ",

where W is the skew-symmetric matrix corre-
sponding to the 3D vector w. Because |[[ — W| =
II + W| = 1+ |w]|?, this function is well defined for
any w. Surprisingly, this parameterization’s inverse
uses the same formula: if Q is a rotation of an
angle less than 7, we have [ + Q| = 0 and W = (I
+Q)7'I - Q).

To establish this parameterization’s relation to
the other parameterizations, we observe that

1 L1 )
Lfwl 1wl

(1+w) =1

follows from the identity W? + |w|*W = 0. So,

2 2
L B B

Q=(1+w) (1-w)=1

which we can evaluate without square roots. If
we write w = —uu with |u| = 1 in the previous
equation, we obtain
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242
1+p

Q-14+-2" uy u?,

1+/U‘2 2

which is equal to Equation 3’s parameterization,
with p = tan(6/2).

To apply one of these rotations to a vector v, we
can follow these steps:

i=2/(1+]wf)
Vi=WXV (4)
V2 =W XVq

Qv=v—pu(vi—va),

which require 19 multiplications and 14 additions.
On the other hand, we can construct Q by follow-
ing these steps:

=2/ (1+[wf)
Q=I1-uW
Q=Q+p(ww' ~I),

which require 22 multiplications and 14 additions.

As 1 mentioned before, multiplying a 3 x 3
matrix by a vector requires nine multiplications
and six additions. So, if the same rotation has to be
applied to many vectors, the cost of constructing Q
and applying the rotation by matrix multiplication
is roughly half of that for applying Equation 4 to
each vector. However, if the rotation has to be
applied to one or two vectors before w changes,
Equation 4 is less expensive.

Rotation from Two Unit Vectors

Another way to specify a rotation is from two
linearly independent unit-length vectors u; and
Uz, as a rotation Q = Q(ui, uz) that transforms
u; to uz = Qui. Because an infinite number of
such rotations exist, we further require that the
rotation minimizes the turning angle among
all such rotations. This additional constraint
turns out to lead to a unique solution. This is a
rotation around the unit vector u normal to the
plane spanned by the two vectors—that is, us x u,
normalized to unit length—and the angle 6 is the
angle formed by the two vectors. Figure 1 shows a
screenshot of the software program I've written to
go along with this article. To access the software,
go to http://mesh.brown.edu/rotations.

We can use the Rodrigues formula to compute
Q = Q(6, u) without explicitly computing the rota-
tion’s angle. This is because we can determine u and
0’s sine and cosine directly from the two vectors:



c=ulu,

-

U=ui1xuz/s.

We can extend this with continuity to the case
u1 = up by defining Q as the identity matrix.
However, we can’t extend it to the case u; = —u;
because it lacks uniqueness. For every u orthogonal
to ui, the rotation Q(rw, u) transforms u; into uy,
and no rotation of angle less than n transforms
uz to uz.

But we can also compute Q(ui, uz) without
evaluating square roots. Let v = u; x u, and
¢ =uluz. Because v = su, we have I + V=1 +sU and

17cV2:17c 2_ 1 V2
s? 1-¢? 1+c¢

’

(1-c)u? =

and it follows that

Q(ut,uz)=I1+V+ V2.

1+¢2

Note the relation between this formula and the
one in Equation 2. Here, we avoid computing the
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square root because we can compute the angle’s
cosine independently as an inner product.

Another way to compute Q(u1, uz) without square
roots is by using Cayley’s rational parameterization.
We can verify that when Q = (I + W)7'(I — W), we
can determine the vector w defining this rotation
as

w= (u1 xuz)/(1—utuy).

As you can see, despite these parameteriza-
tions’ apparent differences, they're all closely
related. In a future article, I'll explore applications
of these methods, particularly to digital geometry-
processing problems. "
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