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Define independent variables.

u = 8ξ, η<;

Define three-dimensional surface.

r = 8ξ, η, ξ2 − η2<;

Plot three-dimensional surface.

ParametricPlot3D@r, 8ξ, −1, 1<, 8η, −1, 1<D;
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Evaluate covariant base vectors.

g = 8∂u@@1DD r, ∂u@@2DD r<

881, 0, 2 ξ<, 80, 1, −2 η<<

Determine covariant metric tensor components.

G = Table@g@@iDD.g@@jDD, 8i, 1, 2<, 8j, 1, 2<D êê FullSimplify;
MatrixForm@GD

i
k
jjj 1 + 4 ξ2 −4 η ξ

−4 η ξ 1 + 4 η2
y
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Evaluate contravariant metric tensor components.

Gu = Inverse@GD êê FullSimplify;
MatrixForm@GuD
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4 η ξ
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4 η ξ
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1+4 ξ2

1+4 η2+4 ξ2
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Determine the contravariant metric tensor components.

gu = Table@Sum@Gu@@i, jDD g@@jDD, 8j, 1, 2<D, 8i, 1, 2<D êê FullSimplify

99 1 + 4 η2

1 + 4 η2 + 4 ξ2 , 4 η ξ
1 + 4 η2 + 4 ξ2 , 2 ξ

1 + 4 η2 + 4 ξ2 =,

9 4 η ξ
1 + 4 η2 + 4 ξ2 , 1 + 4 ξ2

1 + 4 η2 + 4 ξ2 , −
2 η

1 + 4 η2 + 4 ξ2 ==

Verify contravariant and covariant basis vectors.

Table@g@@iDD.gu@@jDD, 8i, 1, 2<, 8j, 1, 2<D êê FullSimplify êê
MatrixForm

J 1 0
0 1

N

Evaluate surface normal.
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n =
Cross@g@@1DD, g@@2DDD

è!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
Cross@g@@1DD, g@@2DDD.Cross@g@@1DD, g@@2DDD

êê FullSimplify

9− 2 ξ
è!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!1 + 4 η2 + 4 ξ2

,
2 η

è!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!1 + 4 η2 + 4 ξ2
,

1
è!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!1 + 4 η2 + 4 ξ2

=

Evaluate Christoffel symbols.

Γ@α_, β_, λ_D := H∂u@@βDD g@@αDDL.gu@@λDD;
Table@8α, β, λ, Γ@α, β, λD<, 8α, 1, 2<, 8β, 1, 2<, 8λ, 1, 2<D

99991, 1, 1, 4 ξ
1 + 4 η2 + 4 ξ2 =, 91, 1, 2, −

4 η
1 + 4 η2 + 4 ξ2 ==,

881, 2, 1, 0<, 81, 2, 2, 0<<=, 9882, 1, 1, 0<, 82, 1, 2, 0<<,

992, 2, 1, −
4 ξ

1 + 4 η2 + 4 ξ2 =, 92, 2, 2,
4 η

1 + 4 η2 + 4 ξ2 ====

Determine curvature tensor components.

B = Table@−H∂u@@βDD nL.g@@αDD, 8α, 1, 2<, 8β, 1, 2<D;
MatrixForm@BD êê FullSimplify
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0 − 2
"############################1+4 η2+4 ξ2

y

{

zzzzzzzzzz

Determine principal curvature (i.e. solve the generalized eigenvalue problem).

Curvature@a_, b_D := Solve@Evaluate@Det@B − σ GD == 0 ê. 8ξ → a, η → b<D, σD

Evaluate principal curvature at x,h = (0,0).

Curvature@0, 0D

88σ → −2<, 8σ → 2<<

Evaluate principal curvature at x,h = (1,0).
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Curvature@1, 0D

99σ → −
2
è!!!5

=, 9σ →
2

5 è!!!5
==

Evaluate principal curvature at x,h = (0,1).

Curvature@0, 1D

99σ → −
2

5 è!!!5
=, 9σ →

2
è!!!5

==

Validate result at  x,h = (0,0).

8D@Hξ2 − η2L, 8ξ, 2<D, D@Hξ2 − η2L, 8η, 2<D<

82, −2<
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